Abstract. Kinematic wave modeling is used to evaluate possible responses of the Greenland ice sheet to changes in its surface mass balance. In the approach followed here the reference state is defined based on measured velocity and discharge flux along the central flow line of Petermann Glacier in the northwest, and perturbations on this state are considered. The results indicate that significant rates of thickness change can occur immediately after the prescribed change in surface mass balance but adjustments in flow rapidly diminish these rates to a few centimeters per year at most. Full adjustment of the ice sheet requires times of the order of 1000 years. The instability mechanism known as the Jakobshavn Effect is discussed and, based on observational evidence as well as results from prior modeling studies, it is concluded that this is an unlikely mechanism for destabilizing major drainage basins of the Greenland ice sheet.
Introduction
One important finding that has come out of the concerted Program for Arctic Regional Climate Assessment investigations is that parts of the Greenland ice sheet are currently undergoing dramatic change. Applying the conventional method of comparing net input at the surface averaged over the period [1971] [1972] [1973] [1974] [1975] [1976] [1977] [1978] [1979] [1980] [1981] [1982] [1983] [1984] [1985] [1986] [1987] [1988] [1989] [1990] with the south-eastern sector thinning at a rate up to 30 cm yr -1 , while in the southwestern sector, thickening rates peak at 21 cm yr -1 In the northern regions of the ice sheet, rates of thickness change are considerably less, with an average increase in ice thickness of 2 cm yr -I in the northeast and thinning of 5 cm yr -1 in the northwest. Even greater rates of thickness change have been inferred for the lower reaches of several outlet glaciers which appear to be thinning at rates up to several meters per year [Krabill et al., 1999] . These last results are based on repeat airborne laser profiling of the snow surface over a 5-year period, so the longer-term implications are not immediately obvious.
It may be that these large changes observed over a comparatively short time interval are a temporary manifestation of a change in the dynamic flow regime of these glaciers, for example, a short-lived surge. Joughin et al. [1996] report on a minisurge on Ryder Glacier, north Greenland, during which the speed increased about threefold over a 7-week period. These authors suggest that the rapid motion, which occurred near the end of thein which the coupled thermomechanical equations of motion and conservation of energy are solved simultaneously. The major impediment to successfully constructing such a model is the paucity of data that can be used to first calibrate and then validate the model [Van der Veen, 1999b] . For many of the outlet glaciers draining the Greenland ice sheet, measurements of ice velocity are not available, thus making it impossible to identify and describe their flow regime and identify mechanical controls on glacier motion. Without full understanding of the current dynamics of the most active parts of the Greenland ice sheet, any numerical model employed in studies of the ice sheet's response to external forcings must invoke assumptions about the nature of ice discharge. The most common assumption is that of lameliar flow, in which the driving stress, responsible for glacier motion, is balanced by drag at the glacier bed. Making that assumption results in a rather sluggish ice sheet that reacts slowly to climate forcings. By allowing for basal sliding, the response may become more rapid but instabilities, such as the Jakobshavn Effect [Hughes, 1986] , are unlikely to occur in these models in response to climate forcing. Indeed, on short timescales ice flow adjustments following a change in surface accumulation have little effect on the ice sheet evolution [Huybrechts et al., 1991] . This suggests a more modest approach involving perturbation analysis as an alternative to full-scale modeling of the ice. That is, the assumption is made that the ice sheet response to mass balance forcing can be considered a perturbation on the reference state and may be evaluated separately from how this reference state evolves over time.
Perturbation modeling has the advantage of a more direct interpretation of results than when using more complex models involving a multitude of physical processes and interactions. For example, to evaluate how the accumulation regions of ice sheets may respond to changes in accumulation rate and temperature, Whillans [ 1981] considers perturbations to the lamellar flow solution. This analysis allows the effect of climate variations on the depth-age and depth-temperature profiles to be calculated. Cuffey and Clow [1997] use a purely diffusive approximation to compute changes in ice divide thickness and to estimate a time scale for response to climate forcing. Nereson et al. [1998] use a model based on linearized perturbations about a two-dimensional Vialov-Nye ice sheet profile to investigate the sensitivity of the divide position at Siple Dome, West Antarctica, to small changes in the accumulation pattern. These studies, and many others as well, use simple models that retain the essential physical processes to study ice sheet response to modest climate forcing.
Mass balance forcing has an immediate effect on the ice sheet. Initially, the rate of thickness change as compared to the reference state equals the perturbation in snowfall or ablation. If the forcing persists, the ice sheet responds dynamically, adjusting the rate at which ice is evacuated from the interior to the margins, to achieve a new equilibrium. For large ice sheets, this dynamic adjustment may last for thousands of years, with the magnitude of change decreasing steadily over time as a new equilibrium is approached. This response can be described using kinematic wave theory, first introduced into glaciology by Nye [1958] and Weertman [1958] . This theory, modified to pertain to Greenland drainage basins, is used here to evaluate possible ice sheet responses to perturbations in surface mass balance. The objective here is not to accurately model observed changes in ice thickness but rather to assess the range of mass imbalances that could, potentially, be attributed to changes in surface mass balance.
Implicitly, in formulating the kinematic wave model, the assumption is made that the perturbations remain sufficiently small so as not to affect the dynamics of the reference state, and rapid switches in flow style are precluded a priori from the analysis. To investigate the Jakobshavn Effect, a model that incorporates longitudinal stress gradients and other sources of flow resistance, is needed. As explained more fully below, the Jakobshavn Effect is believed to be initiated by increased calving from the floating outlet glaciers. Thus a first step in studying this instability mechanism is to assess how large calving events affect the flow upglacier and, in particular, whether such an event leads to increased stretching. This interaction is discussed here in the context of prior modeling studies as well as observations, to assess whether release of back pressure associated with major calving events is compensated entirely by longitudinal stresses, as in the model proposed by Hughes [1986 Hughes [ , 1998 ], or whether lateral drag takes up part of the additionally required resistance to flow.
Kinematic Waves

Background
Changes in surface mass balance or local changes in ice thickness lead to perturbations in the ice flux and adjustments in the glacier profile [Weertman, 1958; Nye, 1958 Nye, , 1960 Nye, , 1963 ]. 
Nye's Solution
To arrive at a solution for the perturbation thickness, an assumption about the along-flow variation in C o and D o is needed. The usual procedure, due to Nye [1963] , is to adopt a polynomial expression such that the glacier speed is maximum about halfway along the glacier and decreasing to zero at the glacier snout. These parameterizations are shown in the top panel of Figure 1 ; the bottom panel shows the equilibrium solution for the perturbation thickness after a uniform increase in surface accumulation, for the case of advection only, and for advection and diffusion.
Perhaps the most striking feature of the Nye solution is the amplification of the response toward the glacier terminus. At the edge the equilibrium change in ice thickness is about 160 times that at the divide. This large response in the lower reaches is the direct consequence of the parameterization for ice speed adopted by Nye [1963] . The imposed zero speed at the snout (Figure 1 , top panel) effectively prevents mass from leaving the glacier and an increase in snowfall leads to piling up of mass near the terminus.
The parameterization for surface speed and the ratio of ice flux to surface slope adopted by Nye are based on velocity profiles measured along valley glaciers losing mass primarily through ablation in the terminal region. However, these functions do not apply to the polar ice sheets, where the speed increases continuously toward the grounding line and calving represents a major source of ice loss.
Empirical Relations for the Greenland Ice Sheet
While much of the margin of the Greenland ice sheet is land based and above sea level, drainage from the interior is primarily through numerous outlet glaciers whose termini are grounded below sea level or that have formed floating ice tongues in confining •ords. Considering flow lines extending from the interior to the termini of these outlet glaciers, glacier speed increases steadily as illustrated in Figure 2 The first term between the brackets on the right-hand side of the wave equation (8) site to the result derived by Nye [1963] which shows the greatest response at the glacier terminus ( Figure 1 ). As noted above, the amplification of thickness change near the glacier snout is the result of the parameterization of glacier speed adopted by Nye, which does not permit mass to leave the glacier. Adopting a velocity profile more realistic for polar drainage basins, with speed increasing steadily toward the grounding line, part of the increase in surface accumulation is evacuated across the grounding line.
Variable Width
The top panel in Figure 8 shows the width of the Petermann flowband. Accounting for the change in width along the flow line affects the equilibrium solution twofold. First, the response at the divide is about 30% less than if a constant width is prescribed. Otherwise, the equilibrium response is similar, with the amplitude decreasing away from the divide, as shown in the bottom panel of Figure 8 . Approaching the grounding line, the equilibrium thickness change increases as ice is being funneled into the narrow outlet fjord. Compared to the constant-width case, a greater amount of snow accumulating in the wider catchment region must be evacuated across the grounding line through the narrow discharge gate. This is achieved by increasing the perturbation flux by increasing the perturbation thickness and surface slope.
Nonuniform Mass Balance Forcing
Imposing a uniform change in surface mass balance, as in the examples shown in Figures 5-8 , allows the results of the present model to be compared with those obtained in earlier studies. However, a uniform forcing may not be realistic. In the context of global warming, it is generally believed that accumulation may increase in the interior, but surface melting is expected to increase considerably at lower elevations. Prescribing a logistic variation for the mass balance perturbation,
M= Mø
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allows a smooth transition in forcing from the interior to the terminus region. Two parameterizations used to force the kinematic sult, after a new equilibrium is reached, the thickness at the grounding line is not much different from the reference state. That is, the perturbation thickness is near zero, despite the large increase in ablation. The increase in accumulation at higher elevations more than compensates for the mass loss at lower elevations, which is restricted to a smaller area. If ablation is not compensated by more snowfall in the interior (Figure 11 ), a wave of thinning travels upglacier such that the maximum rate of thickness change occurs at the grounding line first, reaching the ice divide after about 600 years. Similar manifestations of the delayed dynamical response to changes in surface mass balance have been found using more complex numerical ice sheet models [e.g., Oerlemans, 1982].
Jakobshavn Effect
Background
Krabill et al. [1999] suggest that the large thinning rates on outlet glaciers may be associated with enhanced creep rates, possibly due to lowered basal friction as surface meltwater reaches the glacier bed. A similar set of positive feedback mechanisms was proposed by Hughes [1986] and termed the Jakobshavn Effect. In essence, this effect acts to amplify a small initial perturbation, resulting in large changes in glacier discharge. Hughes [1998] argues that the Jakobshavn Effect may have been an important factor in the collapse of paleo ice sheets that disappeared rapidly starting around 18 kyr B.P. and may lead to rapid disintegration of the present-day Greenland and Antarctic ice sheets.
The trigger for the Jakobshavn Effect is surface melting. Because the surface of many outlet glaciers is heavily crevassed, the greater exposed surface area allows more solar radiation to be absorbed than if the surface were smooth, resulting in vast amounts of surface meltwater that drains into the glacier. If meltwater refreezes at depth, the release of latent heat warms the ice and thus increases the rate of deformation. Water that reaches the glacier base provides lubrication, allowing more rapid glacier sliding. Both effects lead to greater ice speeds, which promotes further surface crevassing thereby further increasing the exposed surface area. On the floating parts of outlet glaciers, thinning reduces resistance to flow from bedrock pinning points and lateral drag, and the buttressing effect on the grounded portion decreases, allowing further increase in ice discharge. Moreover, thinning on the floating ice tongue may lead to increased iceberg calving as the vertical thickness that needs to be fractured becomes less. Increased calving leads to retreat of the glacier front and reduces the backstress exerted on the inland ice. This aggregate of physical processes acts to lessen mechanical constraints imposed on the grounded lower regions of the outlet glaciers, leading to rapid increase in ice discharge.
Cause of Instability
Considering a floating ice tongue or ice shelf, resistance to flow is partitioned between gradients in longitudinal stress and lateral drag. Averaged over the width of the glacier, force balance is then expressed through [Thomas, 1973; Sanderson, 1979 
Invoking the flow law gives the stretching rate
in which B represents the rate factor in Glen's flow law, and the flow law exponent has been set equal to 3. The superscript (o) in these expressions is used to differentiate this solution, applicable to an ice tongue spreading in one direction only with little or no lateral drag, to the solution for the case of significant lateral drag. If lateral drag contributes to resistance to flow, the stretching stress at any point along the ice tongue Rxx(X ) is reduced compared to the Weertman solution (22) by an amount equal to the integrated resistance from lateral drag acting on the segment of glacier from that point to the calving front. In short, 
For the example shown in Figure 12 , the back pressure at the grounding line is 375 kPa, compared to a free-floating stretching stress of 485 kPa (from (22)). Thus the net longitudinal resistive stress is only 10 kPa at the grounding line. Reducing the glacier length by 10% reduces c• at the grounding line by 38 kPa, thereby increasing the longitudinal resistive stress to 48 kPa, almost 5 times as large as before the calving event.
Stabilizing Effects
While a major calving event may have some effect on the stretching rate immediately upglacier of the calving front, it appears unlikely that the reduction in back pressure along the entire glacier is compensated for by an increase in longitudinal stress gradients. The consequent increase in speed shown in the middle panel of Figure 12 almost surely would increase lateral drag and hence lower the stretching rate. In other words, one may expect that the effects of reduced back pressure due to shortening of the glacier will be in part mitigated by increased lateral drag. To investigate this point, lateral drag needs to be linked to glacier discharge.
Following the ice stream model developed by Van der Veen and Whillans [1996] , the shear stress at the margins can be written in terms of the width-averaged speed as = .
Substituting this expression into the balance equation (20) For the model ice shelf shown in Figure 12 applying (28) to the terminus region prior to the calving event gives xs = 152 kPa, close to the constant value prescribed in the numerical calculation. Assuming that, following the calving event, x.s. increases by 10% along the entire length of the ice shelf, increased resistance from lateral drag leads to an increase in back pressure at the grounding line of (15 kPa x 45 km) / 20 km = 33 kPa, which is almost the same as the reduction in or, due to the reduction in ice shelf length. A 10% increase in xs corresponds to approximately 30% increase in glacier speed (equation (28)). However, if resistance from lateral drag compensates for the loss of back pressure due to shortening of the ice shelf, ot• in (26) is unaffected by the calving event implying that the stretching rate must remain the same. This would imply unchanged gradients in ice velocity and thus no change in the velocity itself. Thus the increase in glacier speed must be less, perhaps 15% or so, to allow the decrease in back pressure from calving to be distributed between lateral drag and longitudinal stress gradients. The precise percentage may depend on other factors such as softening of the ice in the lateral shear margins due to fabric orientation or strain heating, but the point made here is that lateral drag may be expected to accommodate some of the decrease in back pressure.
From this rough estimate it may be concluded that a major calving event may lead to a moderate speed up of the floating ice tongue, but the increase in speed is an order of magnitude smaller than if changes in lateral shear stress at the margins are not taken into account. Whether or not the resulting increase in speed and consequent stretching rate is sufficient to lead to further and more calving is not obvious. Observational evidence does not favor a strong correlation between the rate of iceberg production and stretching near the terminus [Van der Veen, 1996] although one would expect a greater stretching stress (associated with increased stretching rate) to facilitate full-thickness fracturing [Van der ]. At this stage of understanding a realistic calving law cannot be formulated but it may be noted that no Greenland outlet glaciers have been observed to retreat irrevocably after a major calving event. However, even if the calving front were to retreat to the grounding line, it is not immediately obvious that the associated lowering of back pressure would result in a collapse of the interior parts of the ice sheet.
Discussion
The Jakobshavn Effect as proposed by Hughes [ 1986] may be challenged. Calving rates on Jakobshavn Glacier increase rapidly in spring, presumably because surface meltwater penetration or break up of confining sea ice in the fjord facilitate crevasse penetration and fracturing [Sohn et al., 1998 ] There are, however, no supporting data to corroborate this possibility, and, in fact, model studies of recent changes in precipitation over the ice sheet suggest a decrease in annual snowfall [Bromwich et al., 1998 ]. Nevertheless, assuming the current pattern of thickness change is in response to recent changes in surface mass balance, the model results presented here indicate that the rates of adjustment, in particular the large thinning rates near the coast, should decrease markedly over the next few decades.
The major shortcoming of the kinematic wave approach is the decoupling of perturbations in ice flow from the reference state. That is, the dynamics of the reference state are assumed to remain the same. To evaluate the glacier's response to major changes at its perimeter, more complex time-evolving models that include calculation of all relevant stresses controlling ice discharge are needed.
A number of authors have suggested that reduction in back pressure exterted by a floating ice shelf or ice tongue may lead to increased discharge from the interior [Bentley, 1984; Hughes, 1986 Hughes, , 1998 Mercer, 1968 Mercer, , 1978 Thomas, 1979; Bentley, 1978; Thomas et al., 1979 ' Weertman, 1974 . While most of these studies apply to the marine-based West Antarctic ice sheet, Hughes [1986] argues that a similar instability mechanism, which he termed the Jakobshavn Effect, may act to destabilize parts of the Greenland ice sheet. The trigger for instability according to Hughes is increased calving, possibly caused by enhanced surface melting. It is argued here that stabilizing effects not permitted in the models referred to above may slow down, or even halt completely, catastrophic collapse. First, a major calving event may not lead to substantial reduction in back pressure at the grounding line if lateral drag increases to compensate for the reduction in back pressure caused by shortening of the ice tongue. As shown, only a moderate increase in lateral drag would be required to achieve this. Considering that lateral drag may be expected to increase as the ice velocity increases, this appears a plausible stabilizing effect. Second, modeling studies do not support the grounding line instability hypothesis. Models that incorporate coupling between ice shelf and inland ice through longitudinal stress gradients suggest that ice sheets may be more stable to forcings at their grounding lines than sometimes believed, and that adjustments in drainage from the interior can for the most part compensate for grounding line effects. While complete removal of a buttressing ice shelf may result in temporary increase in discharge across the grounding line, further grounding line retreat is quickly halted by increased advection of ice from the interior.
In conclusion, if the observed thickness changes on the Greenland ice sheet are in response to changes in surface mass balance, it may be expected that the rates of thickness change will decrease over the next few years. However, since there is no supporting climatological evidence for important changes in snowfall and/or ablation (sufficiently large to lead to thickness changes of the observed magnitudes), it appears that the ice sheet is dynamically adjusting to other forcings, including perhaps internal instabilities. One suggested mechanism, the Jakobshavn Effect, is challenged here and argued to have a minor effect on glacier discharge, if any. This suggests that dynamic changes in the ice sheet have a different origin. It may be that recent changes in basal conditions under the outlet glaciers have led to an increase in glacier speed through enhanced sliding. Without further investigations, including determining if changes in speed have taken place, the causes for observed patterns of change in Greenland cannot be identified unambiguously. However, the present study indicates that two potential forcings, namely, kinematic adjustment to mass balance forcing and the Jakobshavn Effect, are unlikely causes.
